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A B S T R A C T   

The laser powder bed fusion process is increasingly used for the building of metallic parts by melting and so
lidification of alloy powders under a fast-moving finely focussed laser beam. A quick estimation of the resulting 
temperature field, fusion zone dimensions, and cooling rates is needed to ensure the manufacture of dimen
sionally accurate parts with minimum defects. A novel three-dimensional analytical heat transfer model with a 
volumetric heat source that can simulate the laser powder bed fusion process in part scale quickly and reliably is 
proposed here. The volumetric heat source term is constructed to analytically simulate the evolution of melt 
pools with a fair range of depth to width ratio. The proposed analytical model can simulate the building of 
multiple tracks and layers in part scale dimensions significantly faster than all the numerical models reported in 
the literature. The computed results of fusion zone shapes and sizes and cooling rates are found to be in good 
agreement with the experimentally reported results in builds of three commonly used alloys with diverse ma
terials properties, SS316L, Ti6Al4V, and AlSi10Mg. Based on the analytically computed results, a set of easy-to- 
use process maps is presented to estimate multiple process conditions to obtain a set of target fusion zone di
mensions without trial-and-error testing.   

1. Introduction 

The laser powder bed fusion (LPBF) process builds three-dimensional 
parts by melting and solidification of alloy powders along multiple 
tracks and layers guided by a computer [1,2]. A prior estimation of the 
temperature field and fusion zone dimensions during the LPBF process is 
a necessity to reduce the volume of trial-and-error experiments to obtain 
parts with minimum defects [1,3]. Computer-based numerical models 
have emerged as potential tools but these models are time intensive and 
their applications have been limited mostly to a single track of deposit 
rather than real parts [4–6] because numerical methods require very 
fine discretization in space and time [4]. As a result, the simulation of 
the overall part dimensions involves thousands of tracks and layers and 
requires enormous computational time and storage [4]. For example, 
the simulation of a cubic centimeter of deposit typically requires 
computational times ranging from a few weeks to several years 
depending on the type of numerical calculations [4]. What is needed is 
an analytical model that is computationally efficient, rigorously tested 
in part scale, and can operate in inexpensive computers, thus expanding 

the reach of the computational heat transfer in practical additive 
manufacturing applications. 

The numerical heat transfer and fluid flow models have offered 
reliable estimations of fusion pool dimensions [5,7], cooling rates [6], 
and the susceptibility of defects [8–11] for LPBF of commonly used 
powder alloys. Heat conduction models neglect the convective transport 
of heat in the melt pool [12,13]. As the mixing of hot and cold liquid is 
neglected, the heat conduction models predicted higher peak tempera
ture [6,11], narrower and shallower melt pool [11], and higher cooling 
rates [14]. The numerical heat transfer and fluid flow models require 
huge computational memory and time and could simulate part di
mensions only up to a few tens of millimeters [6,15–17]. 

The analytical heat transfer models have been used to predict the 
temperature field, fusion zone dimensions, and cooling rates for fusion 
welding processes [18–21], which have some similarities with the LPBF 
process [22,23]. Unlike in fusion welding, the LPBF process involves 
rapid heating of the powder particles with a fast-moving finely focussed 
laser spot creating tiny fusion zones, which is quickly solidified [1]. The 
LPBF process is characterized by smaller dimensions of the fusion zone 
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in comparison with the directed energy deposition (DED) processes. As a 
result, the Peclet number (Pe), which is the ratio of the heat transported 
by convection to the heat transported by conduction is much smaller for 
the LPBF process than the other additive manufacturing (AM) processes 
[24]. The low values of Pe in LPBF and the small size of fusion zone 
enable analytical heat conduction calculations with good accuracy in 
part scale. However, the development and use of comprehensive 
analytical models to simulate typical three-dimensional multi-track 
multi-layer deposits in part scale are just beginning [25–29]. 

Here we develop an analytical heat conduction model for the esti
mation of temperature field, fusion zone dimensions, and cooling rates 
for LPBF of multiple tracks and layers quickly and reliably. A volumetric 
heat source term is developed and integrated with the analytical thermal 
model to improve the estimation of the fusion zone dimensions, tem
perature fields, and cooling rates. The analytically calculated fusion 
zone dimensions and cooling rates are compared with the independent 
experimental results for LPBF of three commonly used alloys e.g. 
Ti6Al4V, SS316L, and AlSi10Mg. Next, a set of easy-to-use maps that 
demonstrate the computed fusion zone geometry for various combina
tions of laser power and scanning speed are presented for LPBF of these 
three alloys. Finally, the computational time to simulate a typical part 
scale deposition volume of ten cubic centimeters by the proposed 
analytical model is compared with the various numerical models re
ported in the literature. 

2. Analytical heat transfer model 

Fig. 1(a) shows a schematic diagram of the solution domain with 
multiple tracks and layers on a substrate plate. The scanning and 
hatching directions are considered to be in the XY-plane, while the 
deposited layers move up in the positive Z-direction. The distance be
tween the two adjacent tracks is referred to as the hatch spacing as 
shown schematically in Fig. 1(b). The three-dimensional transient heat 
conduction equation and the associated boundary conditions are solved 
analytically with a specially defined volumetric heat source term to 
analyze the LBPF process. The key assumptions to develop the analytical 
heat transfer model, the governing equations and the boundary condi
tions and the volumetric heat source term are presented in detail in the 
following section. 

2.1. Assumptions 

The size of the substrate in the LPBF process is usually several hun
dred times larger in comparison to the focussed laser beam diameter and 
the melt pool dimensions. Hence, the solution domain including the 
substrate and the powder mass is considered semi-infinite [25]. The 
laser beam energy melts the powder alloy and creates a tiny melt pool 

with little loss of alloying elements due to vaporization [1]. The melt 
pool cools rapidly to create the solidified tracks as the laser beam moves 
with a high scanning speed [1]. The net effect of the latent heat during 
the transformation of the state of powder materials on the overall tem
perature field is therefore assumed to be negligible. Hence, the latent 
heat of melting and solidification is ignored, which is expected to result 
in little inaccuracy in the estimation of the mushy region. 

The effect of convective transport of heat inside the melt pools is also 
neglected considering the small size and fast freezing nature of the pools. 
The error due to the neglect of the convective transport of heat in a melt 
pool can be examined by estimating the Peclet number, uL/α, where u is 
the local flow velocity, L is the characteristic length, and α is the thermal 
diffusivity of the material. The average convective velocity within a melt 
pool in LPBF processes is reported in the range of 0.1–0.7 m/s and the 
characteristic length L can be considered equal to the focussed beam 
radius [9,11]. The expected values of the Peclet number in the melt pool 
would therefore be less than unity for commonly used powder alloys and 
process conditions in LPBF. Therefore, the role of convection in LPBF 
process is significantly less important than in fusion welding and 
directed energy deposition (DED) based AM processes. 

2.2. Governing equations and boundary conditions 

The energy supplied through the laser beam is absorbed by the 
powder particles and conducted through the surrounding powder bed, 
solidified layers underneath, and the substrate plate, which is analyzed 
following the governing equation as [30]: 

k
(

∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)

+ Q̇ = ρC
∂T
∂t

(1)  

where k, ρ, C, T, and t are the thermal conductivity, density, specific 
heat, and temperature and time variables, respectively. The term Q̇ ac
counts for the rate of heat input per unit volume and is expressed in 
terms of fixed coordinate and time. The corresponding boundary con
ditions considering the solution domain including the substrate and the 
powder mass to be semi-infinite is written as: 

(T − T0) = 0 at (x→ ± ∞, y→ ± ∞, z→ − ∞) (2)  

where T0 is the initial or ambient temperature and presumed to be 
300 K. The heat loss due to radiation and convection from the top sur
face is assumed to be negligible, and expressed as 

∂T
∂z

= 0 at z = 0 (3) 

Furthermore, the initial condition for the governing equation is 
considered as 

T(x, y, z, t) = T0 at t = 0 (4)  

2.3. Volumetric heat source 

The laser beam penetrates through a powder layer thereby heating 
the particles that can absorb energy through multiple reflections of the 
beam [1,31]. The extent of the energy absorbed by the powder alloy and 
the substrate will primarily be governed by the beam size, the nature of 
the distribution of the beam energy, and the mode of melting. A volu
metric heat source term is therefore considered to account for the ab
sorption of beam energy by the powder alloy and the substrate as [32]. 

Q̇(x, y, z, t) =
fpηP
πr2

b
exp

{

−
fp(x′)

2
+ fp(y′)

2

r2
b

}

×

̅̅̅̅
fd

√

h
̅̅̅
π

√ exp
(

−
fdz2

h2

)

(5)  

where P is the laser power, η is the absorption coefficient of powder 
particles, rb is the beam radius, fp and fd are the distribution factors for 
the laser beam intensity in the planar and Z-directions, respectively and 

Fig. 1. Schematic presentation of (a) three-dimensional solution domain and 
(b) hatch spacing considered to simulate laser powder bed fusion process. 
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h is the height of the volumetric source and, 

x′ = x − (xs + vxt) (6)  

y′ = y −
(
ys + vyt

)
(7)  

where t is the time since the start of the traveling of the laser beam from 
the point (xs,ys,zs) at constant linear speeds of vx and vy in X and Y di
rections, respectively. 

The parameter h in Eq. (5) depicts the extent of the introduction of 
the heat source in the Z-direction and is construed to be equivalent to the 
depth of the melt pool. In order to estimate h for input to the analytical 
model, it is considered to be a function of the absorbed laser beam en
ergy (ΔH) and the enthalpy (hS) at melting of the powder alloy. The term 
h is considered in a non-dimensional form as (h/rb) and referred to as 
normalized track depth. For the laser beam scanning over a distance 
equal to its radius rb with a speed v in time (rb/v), the absorbed laser 
beam energy (ΔH) per unit volume, in which it is distributed, is 
considered as [33]. 

ΔH =
ηP(rb/v)

πr2
b

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
α(rb/v)

√ (8)  

where α is the thermal diffusivity of the material. The enthalpy (hS) at 
the melting of the powder alloy is estimated as a product of its density 
(ρ), specific heat (C), and solidus temperature (TS). The normalized track 
depth (h/rb) is thereafter expressed as a function of the ratio (ΔH/hS), 
which is referred to as normalized energy input, as 

h
rb

= 0.08

(
ηP(rb/v)

πr2
b

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
α(rb/v)

√ ×
1

ρCTs

)1.4

(9) 

The fitting constants, 0.08 and 1.4 in Eq. (9) are determined using the 
least square method by considering a range of experimentally observed 
melt pool depths as equal to h for LPBF of three commonly used powder 
alloys Ti6Al4V [25,34–37], SS316 [38–40], and AlSi10Mg [41]. Table 1 
presents the process conditions and Table 2 shows the material prop
erties that are considered to derive the fitting constant in Eq. (9). 

Fig. 2 shows the normalized track depth (h/rb) as a function of the 
normalized energy input (ΔH/hS) for LPBF of three powder alloys 
considering the values of h equal to the melt pool depth, observed 
experimentally from the reported literature and estimated using Eq. (9). 
At lower energy input, the conduction mode of melting prevails result
ing in shallower melt pools and smaller values of (h/rb). In contrast, an 
increase in energy input results in keyhole mode of melting and deep 
melt pool leading to the higher values of (h/rb) [33]. Overall, Fig. 2 
shows a good agreement for the fitted relation in Eq. (9), which is 
therefore used to estimate h for an input to the volumetric heat source 
term, Eq. (5), for analytical estimation of the temperature field. 

3. Analytical solutions 

The development of the analytical solution for the governing equa
tion, Eq. (1) along with the corresponding necessary conditions, Eqs. 
(2)–(4) and the volumetric heat source term, Eq. (5) is presented in this 

section for laser beam scanning of single and multiple linear tracks. 

3.1. Material properties 

During the LPBF process, the powder alloy and the solid material 
undergo repeated cycles of melting and solidification and the physical 
properties of the material at different locations would vary depending on 
its state and the temperature. It is quite challenging to derive an 
analytical solution of the governing equation considering the alloy 
material properties as a function of its state and temperature. A simple 
and tractable framework is therefore proposed to consider the thermal 
conductivity and specific heat as a linear function of temperature. 
Furthermore, the layer thickness in the LPBF process is usually small 
(0.03–0.05 mm) compared with the substrate thickness (few tens of 
millimeters). The heat dissipation through the substrate is therefore 
expected to be predominant and the analytical calculations are con
ducted using the properties of the substrate. An effective heat capacity is 
considered for the locations exceeding boiling temperature by using an 
elevated value of the specific heat to account for the latent heat of 
evaporation [43]. Table 3 lists the thermo-physical properties of 

Table 1 
Process conditions used for Eq. (9).  

Parameter Ti6Al4V 
[25,34–37] 

SS316L 
[38–40] 

AlSi10Mg 
[41] 

Laser power, P (W) 50–520 75–500 150–350 
Scanning speed, v (m/s) 0.20–1.86 0.1–2.0 0.2–2.4 
Laser beam radius, rb, (µm) 27–70 27–35 35 
Beam distribution parameters, fp, fd 1.0, 2.0 1.0, 2.0 1.0, 2.0 
Melt pool depth, d (mm) 0.006–0.443 0.014–0.597 0.095–0.490 
Layer height of tracks, (mm) 0.03–0.05 0.030–0.075 0.030 
Absorption coefficient, η 0.60 0.60 0.50  

Table 2 
Material properties used for Eq. (9) [42].  

Parameter Ti6Al4V SS316L AlSi10Mg 

Density, ρ (kg m− 3) 4200 7400 2610 
Solidus temperature, TS (K) 1878 1658 823 
Specific heat, C (J kg− 1 K− 1) 830 716 1160 
Diffusivity, α (m2/s) 8.06e-6 5.58e-6 44.5e-6 

Properties are considered at the solidus temperature of powder alloy 

Fig. 2. Variation of normalized pool depth (h/rb) as a function of normalized 
energy input (ΔH/hS). The scattered points are plotted considering h as the 
experimentally observed melt pool depths from independent literature - 
Ti6Al4V [25,34–37], SS316 [38–40] and AlSi10Mg [41]. The fitted line is 
plotted with the value of h estimated from Eq. (9). 

Table 3 
Material properties for Ti6Al4V, SS316L and AlSi10Mg [42,44].   

Ti6Al4V SS316L AlSi10Mg 

Density, ρ 
(kg m− 3) 

4200 7400 2610 

Solidus (TS), 
liquidus (TL), 
& boiling (TB) 
temperatures, 
(K) 

1878, 1923, 3315 1658, 1723, 3100 823, 850, 2793 

Heat of 
evaporation, 
Le (J kg− 1) 

8.89 × 106 6.08 × 106 10.78 × 106 

Conductivity, k 
(W m− 1 K− 1) 

8.7 
(1 + 1.18 × 10− 3 

× T) 

11.3 
(1 + 0.89 × 10− 3 

× T) 

118 
(1 + 0.10 × 10− 3 

× T) 
Specific heat, C 

(J kg− 1 K− 1) 
260 
(1 + 1.18 × 10− 3 

× T) 

280 
(1 + 0.89 × 10− 3 

× T) 

980 
(1 + 0.10 × 10− 3 

× T)  
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Ti6Al4V, SS316, and AlSi10Mg alloys that are considered in the present 
analysis. 

3.2. Solution scheme for single track 

An analytical solution of Eq. (1) considering the initial and boundary 
conditions Eqs. (2)–(4) and, a volumetric heat source (Eq. (5)) moving 
along a single linear track in the XY plane is developed using Green’s 
function [30,32,45] as:  

where t′ is the integration variable for time and t is the time instance at 
which the solution will be evaluated. The thermal conductivity k and 
specific heat C are considered to be a linear function of temperature (T) 
as k = k0(1 + mT) and C = C0(1+ mT), where m, k0, and C0 are mate
rials constants. Other variables in Eq. (10) are expressed as, 

t′′ = (t − t′) (11)  

τ′′ =
(
4fpαt′′ + r2

b

)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4fdαt′′ + h2
√

(12)  

x′′ = {x − (xs + vxt′)} (13)  

y′′ =
{

y − (ys + vyt′)
}

(14) 

Further detailed derivation of Eq. (10) is presented in Appendix-I. An 
enhancement of Eq. (10) to simulate the scanning of laser beam along 
multiple tracks is presented in the following section. 

3.3. Solution scheme for multiple tracks 

Fig. 3(a) shows schematically the movement of the laser beam along 
multiple linear connected tracks where the arrows indicate the scanning 
direction of the beam along a track. The total scanned path at any time 
instance t is considered to compose of the previously scanned np number 
of tracks and the track being scanned, which is referred to as the current 
track. Any previously laid ith track is designated by the starting location 
(xi

s,yi
s), the starting time ti

s, the ending time tie and, the scanning speeds vi
x 

and vi
y respectively in X and Y directions as shown in Fig. 3(b). The 

current scanning track is designated with the starting location and time 
as (xf

s, yf
s) and tfs, respectively, and the scanning speeds vf

x and vf
y in X and 

Y directions. The analytical solution of temperature field while scanning 
through multiple linear connected tracks is developed using super
position principle by summing up the contributions of heat input in the 
current and all the previously scanned tracks and expressed as:  

where 

x′ ′
f = x −

{
xf

s + vf
x

(
t′ − tf

s

) }
(16)  

y′ ′
f = y −

{
yf

s + vf
y(t

′ − tf
s)
}

(17)  

x′ ′
i = x −

{
xi

s + vi
x

(
t′ − ti

s

) }
(18)  

Fig. 3. Schematic presentation of (a) movement of laser beam along planar 
tracks, and (b) nomenclature associated with a typical ith track. 

Fig. 4. Analytically calculated temperature profile for single-track deposition 
of Ti6Al4V powder for a laser beam power of 60 W, beam radius of 0.05 mm 
and scanning speed of 0.5 m/s - (a) three-dimensional isometric view, (b) top 
view (YX), and (c) transverse cross-sectional view (YZ). 

T(x, y, z, t) =
1
m

⎡

⎢
⎢
⎣

⎧
⎪⎪⎨

⎪⎪⎩

4mηPfp

̅̅̅̅
fd

√

ρC0π
̅̅̅
π

√

⎛

⎜
⎜
⎝

∫ t′ =t

t′=tfs

1
τ′′

exp

⎡

⎢
⎢
⎣ −

fp

{(
x′ ′

f

)2
+
(

y′ ′
f

)2
}

4fpαt′′ + r2
b

−
fd(z)2

4fdαt′′ + h2

⎤

⎥
⎥
⎦dt′

+
∑i=np

i=1

∫ t′=tie

t′=tis

1
τ′′

exp

⎡

⎣ −
fp

{(
x′ ′

i

)2
+
(
y′ ′

i

)2
}

4fpαt′′ + r2
b

−
fd(z)2

4fdαt′′ + h2

⎤

⎦dt′
⎞

⎠+ (1 + mT0)
2

⎫
⎬

⎭

1
2

− 1

⎤

⎦

(15)   

T(x, y, z, t) =
1
m

×

[(

2m
∫ t′=t

t′=0

2fpηP
̅̅̅̅
fd

√

ρC0π
̅̅̅
π

√
1
τ′′

exp

{

−
fp
{
(x′′)

2
+ (y′′)

2 }

4fpαt′′ + r2
b

−
fd(z)2

4fdαt′′ + h2

}

dt′ + (1 + mT0)
2

)1
2

− 1

]

(10)   
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y′ ′
i = y −

{
yi

s + vi
y

(
t′ − ti

s

)}
(19) 

Eq. (15) is used to estimate the temperature field for the deposition of 
multiple linear tracks on a layer. To compute the temperature field for 
deposition in subsequent upper layers, the frame of reference is shifted 
up in the Z-direction by a distance equal to the layer thickness, and Eq. 
(15) is employed once again with all the in-layer variables redefined for 
the new layer and Z = 0 matching with its top surface. 

At first, efforts are undertaken to estimate the melt pool dimensions 
for deposition of Ti6Al4V, SS316L, and AlSi10Mg alloy powders based 
on the analytically computed temperature field for a range of process 
conditions as mentioned in Table 1. The analytically computed melt pool 
dimensions are examined against both the experimentally observed and 
the numerically computed results from the independent literature. 

4. Model testing and validation 

4.1. Fusion zone geometry 

Fig. 4 presents the analytically computed temperature field in three- 
dimension and across different two-dimensional cross-sections for 
deposition of Ti6Al4V powder along a single track for a laser power of 
60 W and a scanning speed of 0.5 m/s. The fusion zone or the melt pool 
is designated by the region encompassed by the liquidus temperature 
isotherm, 1923 K. The region between the liquidus and solidus tem
perature, 1878 K, represents the mushy zone and is shown with green 
color. The estimated peak temperature tends to be slightly higher near 
the center of the heat source, which is attributed to the typical nature of 
the analytical solution and considered as an artifact [18]. A more real
istic estimation of the peak temperature warrants the consideration of 
the convective transport of heat within the melt pool [14]. The length, 
width and depth of the melt pool, i.e. the region enclosed by the liquidus 
temperature isotherm, 1923 K in Fig. 4(a-c), equal to around 0.18, 0.12, 
and 0.05 mm, respectively. 

Fig. 5 shows the analytically calculated temperature field in three- 
dimension (Fig. 5a), and across different two-dimensional cross-sec
tions (Fig. 5b-c), for deposition of a single track with SS316L powder at a 
laser power of 60 W and scanning speed of 0.5 m/s. The melt pool 
length, width, and depth are determined by considering the region 
enclosed by the liquidus temperature isotherm, 1723 K, as 0.19, 0.11, 
and 0.04 mm, respectively. A comparison of Figs. (4–5) shows slightly 
larger melt pool volumes for Ti6Al4V alloy, which is attributed to its 
smaller density and higher thermal diffusivity compared to that for 
SS316L. 

Fig. 6 shows a comparison of the transverse cross-sections of the 
computed melt pool and the corresponding deposited tracks [34] for 
Ti6Al4V powder at a constant scanning speed and three different laser 

powers. At a smaller laser power of 100 W, both the deposited track and 
the calculated melt pool cross-sections exhibit a near semi-circular shape 
with the depth of the track approximately equaling to its half-width, as 
shown in Fig. 6(a, d). With the increase in the laser power to 150 and 
195 W, the track depths exhibit a steeper increase in comparison to the 
corresponding track widths in Fig. 6(b, e) and Fig. 6(c, f). The difference 
between the calculated melt pool shapes and the corresponding depos
ited track profiles tends to rise at higher laser power. At lower laser 
powers, the deposited track cross-sections indicate a conduction mode of 
melting. The mode shifts towards the keyhole mode of melting as the 
laser power is increased [34]. As a result, the analytically calculated 
melt pool shapes at higher laser power show more discrepancy, around 
15–18%, in comparison to the corresponding measured track di
mensions [34]. 

Fig. 7 shows a comparison of the computed melt pool shapes and the 
corresponding experimentally observed cross-sections of deposited 
tracks of SS316L powder [40] at a constant laser power and two 
different scanning speeds. Both Fig. 7(a, c) and Fig. 7(b, d) show that the 
calculated melt pool depths and experimentally deposited track depths 
reduce with an increase in the scanning speed while the width remains 
nearly unaffected. An increase in the scanning speed results in a 
decrease in the heat input per unit length of deposit leading to a smaller 
depth of the melt pool and the deposited track. Both Figs. (6,7) show a 
fair agreement between the analytically calculated melt pool profiles 
and the corresponding deposited track shapes for several process con
ditions. Figs. (6,7) also manifest that the analytical model calculations 
can undertake the effect of the thermophysical properties of the 
respective powder alloys. For example, a higher thermal diffusivity and 
smaller density of Ti6Al4V powders resulted in greater melt pool depths 
in comparison to that for SS316L powders. 

Figs. (6–7) show a fair agreement between the calculated melt pool 
dimensions and the corresponding experimentally observed profiles of 
the single track deposits for two commonly used powder alloys. Eq. (15) 
is subsequently used to estimate the melt pool dimensions for the 
deposition of multiple tracks. Fig. 8 shows a comparison of the analyt
ically calculated pool shapes and the corresponding experimentally 
observed [35] cross-section of a multi-track deposit of Ti6Al4V alloy 
powder. A slow increase in the depth of the melt pool and the deposited 
tracks is noted as the number of tracks increases, which is attributed to 
the augmented resident temperature of the overall build as more and 
more tracks are laid. The analytically calculated melt pool profiles de
pict a fair match with that of the corresponding experimentally observed 
tracks with a discrepancy of around 5%. 

Fig. 9 shows a comparison between the size and shapes of the 
analytically calculated melt pool and the corresponding experimentally 
observed [46] tracks for a two-track deposit with SS316L alloy powder. 
The overall discrepancy between the calculated and the corresponding 
measured dimensions from independent literature [46] lies in the range 
of 15–20%. Overall, Figs. (8–9) show that the developed analytical 
model can provide practically usable estimates of the deposited track 
dimensions for LPBF of commonly used powder alloys with diverse 
thermophysical properties in single and multiple track configurations. 

Amongst several underlying simplifications that are required to find 
a tractable form of the analytical model, the need to consider a semi- 
infinite solution domain for the substrate and alloy powders is a major 
constraint. In contrast to the analytical solution, numerical heat con
duction models based on the finite element method (FEM) or finite 
volume method (FVM) are capable of considering actual substrate and 
track geometries. As a result, such models can aim at simulating the 
LPBF process as they occur in real-time although at a cost of huge 
computational demand. It is therefore prudent to examine the consis
tency of the analytically calculated results presented in this work with 
similar ones reported by well-established numerical process models. 

Fig. 10 shows a comparison of the analytically calculated melt pool 
dimensions with that reported from a FEM-based numerical model [17] 
for LPBF of SS316L powder at different laser powers and scanning 

Fig. 5. Analytically calculated temperature profile for single-track deposition 
of SS316L powder for a laser beam power of 60 W, beam radius of 0.05 mm and 
scanning speed of 0.5 m/s - (a) three-dimensional isometric view, (b) top view 
(YX), and (c) transverse cross-sectional view (YZ). 
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speeds. Fig. 10(a) shows that an increase in laser power results in larger 
melt pool dimensions, which is expected. In contrast, Fig. 10(b) shows 
that an increase in the scanning speed leads to an increase in the length 
of the melt pool while the width and depth of the pool reduce. An in
crease in the scanning speed reduces the heat input per unit length of 
deposition resulting in smaller melt pool volume. Overall, Fig. 10 shows 
a fair agreement between the analytically calculated melt pool di
mensions and the corresponding computed results from a numerical 
heat transfer model for a range of laser powers and scanning speeds. A 
similar comparison of the analytically calculated melt pool dimensions 
with that reported by an FVM based numerical heat transfer and fluid 
flow model [6] for the same process conditions showed an overall 
discrepancy between 10% and 15%. 

4.2. Cooling rate 

The analytically computed temperature field is used next to estimate 
the cooling rate during solidification, which is an important 

Fig. 6. Experimentally observed (a, b, c) [34] and the corresponding analytically calculated (d, e, f) transverse cross-sectional view (YZ) for single-track deposition of 
Ti6Al4V powder for a laser scanning speed of 0.5 m/s and beam radius of 0.05 mm, and different beam powers of (a, d) 100 W, (b, e) 150 W, and (c, f) 195 W. Fusion 
zone boundaries are added on the micrographs (a-c) following the reported track dimensions in reference [34]. 

Fig. 7. Experimentally observed (a, b) [40] and the corresponding analytically 
calculated (c, d) transverse cross-sectional view (YZ) of deposited track profiles 
for single-track deposition of SS316L powder for a constant laser beam power of 
300 W, beam radius of 0.027 mm, and two different laser scanning speeds of (a, 
c) 1.5 m/s and (b, d) 1.8 m/s. 

Fig. 8. Experimentally observed (a) [35] and the corresponding analytically 
computed (b) transverse (YZ) view of a multi-track deposit profile of Ti6Al4V 
powders for a laser power of 300 W, scanning speed of 1 m/s, and hatch spacing 
of 0.1 mm. 

Fig. 9. Experimentally observed (a) [46] and the corresponding analytically 
calculated (b) transverse (YZ) cross-sectional view of deposited track profiles 
for a multi-track deposition with SS316L powders for a laser power of 200 W, 
scanning speed of 0.4 m/s, and hatch spacing of 0.1 mm [46]. 
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metallurgical variable to gauge the structure and property of the build 
for LPBF depositions. A simplified expression to estimate the cooling 
rate at any location, trailing to the laser beam and on the surface of a 
single linear track, is derived in Appendix-II. Fig. 11(a) shows a com
parison of the analytically computed cooling rates with that observed 
experimentally [47] and computed numerically [6] as a function of heat 
input per unit length for deposition of single tracks with SS316L powder. 

An increase in the heat input per unit length results in greater melt pool 
volume and reduced cooling rates as shown in Fig. 11(a). Overall, the 
analytically computed values of cooling rates agree well with the cor
responding reported experimentally measured results [47] and that 
calculated from a heat transfer and fluid flow model [6] with a 
discrepancy of around 10–15%. 

The computed cooling rates can be used further to estimate the 
mechanical properties such as microhardness of the solidified build 
using a set of constitutive relations, as shown in Appendix-II. Fig. 11(b) 
shows a comparison of the estimated values of microhardness with that 
measured and reported in independent literature for single track depo
sition of SS316L [48]. The decrease in hardness values with an increase 
in the energy input per unit length of deposition is expected as higher 
energy input would increase melt pool volume, reduce the cooling rate 
and result in coarse grain microstructure. Similar empirical constitutive 
relations can be pursued for other powder alloys to find out the micro
hardness and other properties from the analytically computed cooling 
rate values. 

4.3. Role of different alloys 

The analytical model is tested rigorously to examine its ability to 
account for the impact of the diverse material properties arising out of 
different powder alloys on the computed fusion zone dimensions for a 
range of LPBF process conditions. Fig. 12 shows a comparison of the 
analytically calculated fusion zone dimensions and the corresponding 
experimentally observed results from independent literature [25,34–41] 
for LPBF of three different alloys, e.g. Ti6Al4V, S316L and AlSi10Mg for 
a range of process conditions as given in Table 1. The calculated and the 
corresponding measured melt pool dimensions from the reported liter
ature [25,34–41] are plotted in a dimensionless form as (d/rb) and 
(w/rb), where rb is the laser beam radius and, w and d refer to the melt 
pool width and depth, respectively. Fig. 12 shows a fair match between 
the calculated and the measured melt pool dimensions from [25,34–41]. 
Overall, Fig. 12 demonstrates the applicability of the analytical model 
for reliable prediction of the temperature field and the fusion zone di
mensions for LPBF of commonly used alloy powders and process 
conditions. 

A guide to the selection of the key process conditions such as laser 
power and scanning speed, which primarily influence the melt pool 
dimensions, is needed to avoid multiple trial-and-error experiments 
while deposition of multiple tracks and layers. Fig. 13 shows the 
analytically computed melt pool width and depth as a function of laser 
beam power and scanning speed for LPBF of three commonly used 
powder alloys, AlSi10Mg, Ti6Al4V, and SS316L. For a constant beam 
power, an increase in the scanning speed reduces the melt pool di
mensions, which is attributed to the decrease in available energy per 
unit length of deposition. In contrast, an increase in the laser power for a 

Fig. 10. Comparison of analytically calculated and corresponding numerically 
computed melt pool dimensions as a function of (a) laser power and (b) scan
ning speed for LPBF deposition of the second track along the first layer with 
SS316L powder. The numerically computed values are obtained from a FEM- 
based heat conduction analysis [17]. 

Fig. 11. Comparison of (a) analytically calculated and, corresponding numer
ically computed [6] and experimentally measured [47] cooling rates, and, (b) 
analytically estimated and corresponding experimentally measured [48] 
microhardness as a function of energy input per unit length for single track 
depositions with SS316 alloy powder. The numerically computed cooling rate 
values are from an FVM based heat transfer and fluid flow model as reported in 
[6] for a single track build with SS316L powder. 

Fig. 12. Analytically calculated and the corresponding experimentally 
observed (a) depth and (b) width of deposited tracks in normalized form for 
Ti6Al4V, SS316L, and AlSi10Mg powders. The measured values are taken from 
[25,34–37] for Ti6Al4V, [38–40] for SS316L and [41] for AlSi10Mg. 

Fig. 13. Analytically computed melt pool depth (a) and width (b) as function of 
laser beam power and scanning speed for LPBF with AlSi10Mg, Ti6Al4V and 
SS316L powders. The laser beam radius is considered as 0.05 mm for all the 
calculations. 
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constant scanning speed results in greater melt pool dimensions, which 
is expected. Fig. 13 indicates greater melt pool depth and width with 
AlSi10Mg powder in comparison to that with Ti6Al4V and SS316L 
powders for given laser power and scanning speed. This is attributed to 
the lower density and higher thermal diffusivity of AlSi10Mg powder in 
comparison to that for Ti6Al4V and SS316L powders. The maps like 
Fig. 13 can support a quick selection of the key process conditions to 
achieve the recommended melt pool dimensions and dimensionally 
consistent track profiles. 

4.4. Computational time 

The aforementioned discussions exhibit the strength of the proposed 
analytical model to compute the temperature field, melt pool di
mensions, and cooling rates for LPBF of commonly used powder alloys. 
It is also prudent to examine the computational efficiency of the pro
posed analytical model in comparison to the commonly employed nu
merical process simulation models. Table 4 presents a comparison of the 
computational times to simulate the deposition of a small volume of 
1 mm3 and a typical part scale volume of 104 mm3 (10 cm3) by the 
proposed analytical model and various numerical models. The analytical 
model calculations are performed with an 11th generation core i5 
notebook computer with 8 GB RAM. The computational times for the 
numerical models are assessed from the simulation time and the corre
sponding build volume as reported in the literature. The numerical 
models with the lumped layer approach would simulate the deposition 
of several layers together with a lumped heat input and hence, such 
models require slightly lesser computational time in comparison to the 
models that simulate individual tracks and layers. Overall, Table 4 
shows that the analytical heat conduction model could simulate a typical 
part scale volume of 104 mm3 (10 cm3) in lesser than an hour. This 
manifests the inherent strength of the proposed analytical model as a 
practical tool to quickly estimate the temperature field and fusion zone 
dimensions for LPBF of part scale dimensions. 

The aforementioned sections have illustrated that the developed 
analytical model can compute the fusion zone dimensions and cooling 
rates for LPBF of commonly used powder alloys for a wide range of 
process conditions at notably small computational times and with 
reasonable accuracy. Although early analytical models [25–29] intro
duced an alternate route to simulate the LPBF process, their applica
bility, accuracy of computed results and benchmarking for 
computational performances were rarely reported in the literature. 
These shortcomings are addressed in this paper. The primary novelty of 
the proposed model is the capability of predicting the melt pool geom
etry, temperature fields, and cooling rates rapidly and reliably in 

part-scale using inexpensive computers, thus expanding the reach of 
simulations to practical usage by all. However, the convective transport 
of heat in the melt pool is neglected to keep the derivation of the 
analytical model tractable. This simplification can limit the application 
of the model to examine the role of surface-active elements [55], joint 
orientation effects [55], and microstructural investigations [56]. 
Furthermore, the assumption of semi-infinite solution domain would 
pose practical challenges for the analytical model to simulate tempera
ture field close to the boundary in three-dimensional builds. 

5. Summary and conclusions 

A three-dimensional analytical heat transfer model with a volumetric 
heat source term is developed to predict temperature field, fusion zone 
dimensions and cooling rates for LPBF of multiple tracks and layers 
quickly and consistently. The generalized volumetric heat source term 
enabled the analytical model to simulate the melt pools for a range of 
depth to width ratio. The computed results of fusion zone dimensions 
were found close to the corresponding independently measured values 
for three commonly used alloys with diverse material properties and a 
wide range of LPBF process conditions. The computed values of cooling 
rates were also found to be fairly close to the corresponding independent 
experimental data. 

The computational efficiency of the proposed analytical model and 
the contemporary numerical models was compared for small and large 
volumes of deposition. It was found that the proposed analytical model 
could simulate the temperature field for LPBF for a typical part scale 
build volume of 104 mm3 several hundred to a thousand times faster 
than a contemporary numerical model. Furthermore, the analytical 
model could be deployed in a core i5 notebook computer with 8 GB 
RAM, which would be incapable to undertake numerical model 
calculations. 

The analytically computed melt pool dimensions are further pre
sented in the form of easy-to-use maps for different combinations of laser 
beam powers and scanning speeds. These maps can serve as practical 
guides for the selection of the suitable range of process conditions with 
minimal trial-and-error tests. The proposed analytical heat transfer 
model with its high computational efficiency has the potential to 
become a practical tool for the selection of parameters. 

The following are the main conclusions. 

• The proposed analytical heat transfer model provides realistic esti
mations of fusion zone dimensions along multiple tracks and layers 
for a range of laser beam power and scanning speeds for the three 
alloys studied for specimens in part scale.  

• The analytically calculated cooling rates are found to be in good 
agreement with the corresponding independent experimental re
sults. The estimated cooling rates can be used further to anticipate 
build microstructure and properties using available constitutive re
lations for specific alloys. 

• The analytical model can consider the effect of the diverse thermo
physical properties while calculating the fusion zone dimensions and 
cooling rates in the LPBF of commonly used alloys. The computed 
fusion zone dimensions at different combinations of laser power and 
scanning speeds are presented in the form of easy-to-use maps to help 
in the selection of process parameters with minimum trial-and-error 
tests.  

• The analytical model can simulate the temperature field for the LPBF 
of multiple tracks and layers much faster than the available numer
ical models. The LPBF of a typical part scale build volume of 104 mm3 

could be modeled analytically only in a few tens of minutes using a 
core i5 notebook computer with 8 GB RAM. 
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Estimated computational time to simulate for LPBF processing using various 
approaches.  

Types of model Computational timea for build size 
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FEM based heat conduction model [17] ~ 4.5 h ~ 1.8 × 103 
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FEM based heat transfer and fluid flow 

model [49] 
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FVM based heat transfer and fluid flow 

model [5] 
~ 6.6 h ~ 2.7 × 103 

days 
FEM based heat transfer model with 

lumped layer approach involving 
multiple layers in a single one [50] 

– ~ 7.5 h 

Powder scale model using discrete element 
method and heat and fluid flow [51] 

~ 280 h ~ 2.4 × 105 

days  

a Computational times for the numerical models are assessed based on re
ported simulation time and build volume with the assumption of no further 
mesh/algorithm optimization and hardware enhancement. 
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Appendix-I 

Eq. (1) can be expressed as follows considering temperature-dependent thermal conductivity and specific heat as 

∇(k(T)∇T ) = ρC(T)
∂T
∂t

− Q̇ (A1) 

The consideration of thermal conductivity and specific heat as a function of temperature results Eq. (1) to transform to a non-linear form and the 
same can be brought to a linear form by expressing the material properties in terms of a function Π such that [45], 

k = k0

(
∂Π
∂T

)

(A2)  

C = C0

(
∂Π
∂T

)

(A3)  

where k0 and C0 are material constants, The function Π can be referred to "pseudo temperature functional" and is chosen such that (∂Π/∂T) is a linear 
function of temperature as (1+mT) to approximate the temperature dependent thermophysical properties [45]. Substituting Eq. (A2) and (A3) in Eq. 
(A1), the latter can be written as: 

k0∇
2Π = ρC0

∂Π
∂t

− Q̇ (A4) 

Eq. (A4) is in a linear form and the corresponding boundary and initial conditions, Eqs. (2)–(4), can be expressed in terms of Π as 

(Π − Π0) = 0 at (x→ ± ∞, y→ ± ∞, z→ − ∞) (A5)  

∂Π
∂z

= 0 at z = 0 (A6)  

Π = Π0 at t = 0 (A7)  

where Π0 is the initial value of Π corresponding to T0 i.e. Π (T0). The solution of Eq. (A4) can be obtained using Green’s function approach and the 
general solution for an initial condition Π(x,y,z,t) = Π0 with Π0 as a constant can be expressed as 

Π(x, y, z, t) − Π0

=

∫ t

0

∫ +∞

− ∞

∫ +∞

− ∞

∫ +∞

− ∞
χ(x − ξ, y − ς, z − ζ, t − t′)Q̇(ξ, ς, ζ, t′)dξdςdζdt′

(A8)  

where χ is the Green’s function for three-dimensional diffusion and is given as 

χ(x − ξ, y − ς, z − ζ, t − t′)

=
1

{4πα(t − t′) }3/2 exp

{

−
(x − ξ)2

+ (y − ς)2
+ (z − ζ)2

4α(t − t′)

} (A9) 

The analytical solution for increment in (Π − Π0) at any location in the domain (x,y,z) in time t due to a volumetric heat source, Eq. (5), moving 
along the linear tracks from a starting location (xs,ys,zs) with speeds vx and vy respectively along X and Y directions can be given as 

Π − Π0 =

∫ t′=t

t′=0

∫ +∞

− ∞
dξ
∫ +∞

− ∞
dς
∫ +∞

− ∞
dζ

fpηP
ρC0πr2

b(4παt′′)3/2

×exp

[

−
fp{ξ}2

+ fp{ς}2

r2
b

] ̅̅̅̅
fd

√

h
̅̅̅
π

√ exp
(

−
fdζ2

h2

)

×exp

{

−
(x − ξ)2

+ (y − ς)2
+ (z − ζ)2

4αt′′

}

dt′

(A10)  
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and, solving the spatial integrals for the semi-infinite boundary conditions, Eq. (A10) can be written as 

Π − Π0 =

∫ t′=t

t′=0

2fpηP
̅̅̅̅
fd

√

ρC0π
̅̅̅
π

√
1
τ′′

×exp

{

−
fp
{
(x′′)

2
+ (y′′)

2 }

4fpαt′′ + r2
b

−
fdz2

4fdαt′′ + h2

}

dt′

(A11) 

The terms x′ ′, y′ ′ and t′ ′ are given already in Eqs. (11)–(14). The temperature field can then be calculated as 

T(x, y, z, t)

=
1
m

{ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2m(Π − Π0) + (1 + mT0)
2

√

− 1
} (A12) 

It is worthwhile to mention that using the similar method and keeping all other conditions the same, the analytical solution of the temperature field 
with uniform and temperature independent material properties can be given as 

T − T0 =

∫ t′=t

t′=0

2fpηP
̅̅̅̅
fd

√

ρCπ
̅̅̅
π

√
1
τ′′

×exp

{

−
fp
{
(x′′)

2
+ (y′′)

2 }

4fpαt′′ + r2
b

−
fdz2

4fdαt′′ + h2

}

dt′

(A13) 

A further substitution in Eq. (A12) provides the analytical solution for the temperature field for a single linear track as presented in Eq. (10). It can 
be extended further to account for multiple tracks by using superposition principle applied to pseudo temperature functional and is presented in Eq. 
(15). 

Appendix-II 

The cooling rate for the deposition of a single linear track is obtained by differentiating Eq. (10) with respect to time t. Considering a laser beam 
starting at location (0,0,0) and moving with a constant scanning speed of vx along the positive X-direction to form a single linear track, the cooling rate 
on the top surface of the melt pool can be expressed as 

dT
dt

=

dφ
dt

(

2m

[∫ t′=t

t′=0

2fpηP
̅̅̅̅
fd

√

ρC0π
̅̅̅
π

√
1
τ′′

exp

{

−
fp
{
(x′′)

2 }

4fpαt′′ + r2
b

}

dt′
]

+ (1 + mT0)
2

)− 0.5 (A14)  

where 

dφ
dt

=
2fpηP

̅̅̅̅
fd

√

ρC0π
̅̅̅
π

√

×

∫ t

0

1
τ′′

[
4f2

pα(x′′)
2

{
4fpαt′′ + r2

b

}2 −
4fpα

4fpαt′′ + r2
b
−

2fdα
4fpαt′′ + h2

]

×exp

{

−
fp(x′′)

2

4fpαt′′ + r2
b

}

dt′

(A15) 

The computed values of cooling rate can be used further to estimate the microhardness, H by using a constitutive relations from independent 
literature [52–54]. 

H = 3σY(0.1)− 0.25 (A16)  

where, the yield stress σY can be expressed in terms of cooling rate as 

σY = σ0 + D ×

{

p ×

(
dT
dt

)− q }− 0.5

(A17)  

and σ0, p, q and D are materials constants with values 240 MPa, 80, 0.33 and 279, respectively for SS316L [53,54]. 
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