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Why study grain growth?
How does it occur?

What isMonte Carlo method?

Grain Growth Study

Basic Definitions

Why?

» Most metal processing involves grain size changes
» Grain size changes affect strength, toughness and corrosion
resistance

» Changesin grain structure also have significant impact on
susceptibility to cold cracking and reheat cracking

Annealing (isothermally heating) a cold-worked metal =>
Recovery and Recrystallization => Grain Growth

» Recovery
Dislocation motion relieves stored internal strain energy, asa

result of enhanced atomic diffusion at elevated temperature.
Physical propertieslike electrical and thermal conductivities
are recovered to their pre-cold-worked values.

» Recrydallization
Formation of anew set of strain-free and equiaxed grains

having low dislocation densities. The new grains form as very
small nuclei and grow until they completely replace the parent
material.

Driving force - difference in internal energy between the
strained and the unstrained material. 4




Basic Definitions

Basic Definitions

» Grain Growth
Continued growth of strain-free grains after recrystallization
More growth at higher temperatures and longer times.

Driving force — Reduction in grain boundary energy due to
decrease in total grain boundary area

Process - Occurs by the migration of grain boundaries.
(short range diffusion of atoms from one side of the boundary
to the other.)

- Large grains grow at the expense of smaller ones
that shrink.

Recrystallization

Basic Definitions

Normal Grain Growth

Driving Forcein Grain Growth

boundary energy dislocations

Normal Grain ‘ Abnormal Grain Static Dynamic
Growth Growth ‘ Recrystallisation ‘ Recrystallisation
Upiform ingrm Some grains grow Nuclei grow and Dislocations created
ingrain size, faster than others consume the dislocated continuously
asteady state and consume matrix. Cold-worked likein hot
process smaller grains. and annealed at working
high temperature
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Grain Growth Study

How?

» Analytical equations - give quantitative information making
some assumptions

» Computer simulations - relax some of the assumptions
and make the calculations more realistic

> Both the methods initially studied Normal Grain Growth

Why Monte Carlo simulation?

> Grain growth results from the interaction between the
topological requirements and the forces driving boundaries to
migrate, to reduce boundary curvature and hence area and

energy

> Thus no grain can ever be treated as an isolated entity but
should always be seen in relation to its neighboring grains

> The assumption that the grains are spherical ignores
that adjacent grains share common boundaries leading to
a connected assembly of mutually interacting grains
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What isMonte Carlo Method?

Example: computetheareaof figure S

It solves mathematical and physical problems
by ssimulation of random quantities

Roulette wheel is a simple mechanical device
for obtaining random quantities

Does not help oneto win at Roulette
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Siscontained completely
within the unit square

Randomly choose N points
within the square. Number
lying within SisM !

(area S/area of unit square) = M/N
Inthisfigure, M= 12 and N=40; M/N =0.3
Truearea=0.35x area of unit square
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Monte Carlo (MC) Algorithm

A process of producing a
random event

The processisrepeated N
times

Theresultsof thetrial are
aver aged

Monte Carlo (MC) Algorithm

Error = \/D/N

D isaconstant and N isnumber of trials
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Inthiscase, D = §(1-S) = 0.35(1 - 0.35)
where Sisthearea

Error = JD/N =/0.23/40 = 0.076
How toreduceerror?

N must beincreased by afactor of 100 to
reduceerror by afactor of 10
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Monte Carlo (MC) Algorithm

Imaginethisfigure hanging *
on thewall asatarget

Dartsareaimed at the center

They strikethetarget at N
random points

0 1

Can these points be used to calculate the area?

In thisfigure, M= 24 and N=40; M/N = 0.6, which is
almost twicethe actual area (0.35)

When darts ar e thrown with skill, results are bad
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Monte Carlo (MC) Algorithm

Results are good only when the pointsare not “smply
random”, but in addition, “unifor mly distributed”

.“!ﬁ

So we need to be familiar with the definition of
random variables and some of their properties.
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Random variables

Expected value of a variable

Random: Any process that proceeds without any
discernibleaim or direction

Discreterandom variables
Distribution of random variables:
[ Xy Xy Xz Xy
X= | pL P2 P3Py
X1 Xo X3 ..... X, arepossible values of X
P1 Py P3 .- p, are corresponding probabilities
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Probabilities must satisfy two conditions:
pi=0 and py+p,+pst....+p,=1

Expected value of X or mathematical
probability of variable X is called E(X)

E(X) =2 %P

Toillustrate its physical meaning, wewriteit
in the following for m:

E(X) = g,(xi p)/ Z,pi

E(X) isin away the average value of X with more

probable valuesadded with larger weights .
1

Expected value of a variable

Expected value of a variable

E(X) = Z:(Xi p)/ gpi

E(X) isin away the average value of X with more
probable values added with larger weights

If massesm,;, m,, ms, ...., m, aredistributed on the
x-axisat the points Xy, X,, Xs, ...., X,,, the abscissa of
the center of gravity of the system is given by:

X = i{xi my)/ imi

Note that the sum of all masses do not add to 1

19

E(X+c)=E(X)+cC

E(X+Y)=E(X) + E(Y)

E(cX) = cE(X)

Observe avariable X many times and obtain values:

X1, Xo, X3, +..., X Thearithmetic mean of these
num%erswnl be closeto E(X)

E(X) = (W3 X,

The spread of the values around the average E(X)
iscalled the variance of X
20




Variance of avariable

Variance of avariable

Varianceof X, Var (X) = E((X —E(X))?
= E(X2-2E(X) X + (E(X))?
= E(X?) - 2(E(X))* + (E(X))?
= E(X?) - (E(X))?

Let usconsider arandom variable X

X = 1 2 3...6
T | e 1/6 1/6.....1/6

EX)=(Un) x=(1+2+3+4+5+6)/6=35

Var (X) = E(X2) ~(E(X))?
002 g+)25(+§22r)42+52+62)/6 (35)°=2917

Now let usconsider arandom variableY

_ 3 4
Y= |12 1

E(Y)=(Un) y,=(3+4)2=35

Var (Y) = Eg 2) HE(Y))?
= (32 + 422 - (3.5)2=0.25

E(Y) = E(X) but Var (Y) <Var (X)

This could have been anticipated, sincethe
valuesof Y differ from 3.5 only by £0.5, while

for X the spread can reach +2.5 2

Continuousrandom variables

Continuousrandom variables

A random variableis continuousif it can take
any valuein someinterval [a,b]

Let (a',b’) bean arbitrary interval contained in [a,b]
The probab|||tythat X liesin theinterval (a b’)
P(a’<X<b’) = j p(x)dx 7

p(x) must satisfy two conditions
similar to discrete variables
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Two conditions: p(x) = 0 and jbp(x)dxz 1
Expected value E(X) = bep(x)dx
b
E(10) = [, F09peax
Let p(x) =1for all valuesof x between O and 1
! 1
E(G) = joxp(x)dx: (x2/2)|O -

1.2 1
Var (G) :j.ox PO)X - (E(G))2= (x¥3)|¢ - 14 =112
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Normal random variables

A random variable having the density:

)= e -2
P ovan 207

1
Max p(X) = iy

The areaunder the curve p(x) is 1

J: :u o) dx = 0.997,

It is possible to show that E(Z) = aand Var (Z) = 62

P(a- 30 <Z< a+ 30) = 0.997
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Monte Carlo Method

Wewant to deter mine some unknown quantity m

Wetry to devise arandom variable X with E(X) =m

Let Var (X) = v2

Consider N independent random variables X,, X, ...

Xy, With distributionsidentical with that of X
Consider thesum S = X+ Xy+ ...+ Xy

E(Sy) = E(X;+ Xp* ...+ X ) =Nm =>a

Var (S,) =Var (X;+ X+ ...+ X) = Nv2=>@?
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Monte Carlo Method

Error analysis

P(Nm —3vJ/N < S, < Nm+3w/N) = 0.997
P(m —3v/VN < (S/N) <m + 3vi/N ) = 0.997

We can rewritethisrelation in thefollowing form

1 3v
P(=3 X -mk-=) =0997
(IN; Im)

Thisrelation isvery important for the M C method.
Givesusa method of calculating m and an uncertainty
of estimation

When the valueism calculated from arithmetic average
of random values, the probability is high (0.997) that the
error will belessthan 3v/+/N
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Calculation of area

;
Result of asingletrial

_ 1, if therandom point liesin S
17 0, if therandom point lies outside S

Estimate area S asy X/N

X

Distribution of X;: X, :@_S é} —
E() =Y %P =0(1-S) + 1(S) =S

Var (X) = E(X?) «E(X))?
= 02(1-S) + 1%(8) — (S)? = (1-S) = 2

Error = v/J/N =/S1-9/N
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